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ou¢kY[]_im]HnEouqkm]Hxm\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ª=§&Y[]Hxm]
(X(t))
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(X(t))rsi@t#jr=/9pilrouq~xmojn]7imi³tuq_kmYtk
p(x) = −x
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p
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(X(t))
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~]Hxlkp[xmtLkmrouqouqkmY]#[pimg¤~]Hxmroj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ε
ª=§&Y[rnvY ® ptuq3kmr ²]Hi$kY[]}\t=q[r kmpj]|o¢9kmY[]|~]Hxlkp[xmtLkmrouq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(X(t))
~[t¹gt_¥=]Eg¤xou]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kmY[]x]Himp[ ki«tx]b[rinpiim]Hrqej]Hnkr o=q[°³ejou\]tuimrn]E]E\]Eq3kvi¨ou¢)kmY]
M/M/1 ® p[]Hp[]btuxm]xm]7nEtu ]HVr qÃ|~[~P]Eqjr £ï°
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L(t)
j]Hq[ok]Hi¨kmY[]bqhp[\P]Exou¢npilkmo=\B]Hxi«tLk«kmr\]
t
r qtq
M/M/1 ® p[]Hp[]§&r kmYtxxmrLt[xvtLk]
λ
tuq¤im]Ex3rsn]&xvtLk]
µ
°³XY[]}Ltxrst[]
B
j]Hq[ok]HiWkmY[]|[p[xtkmrouqou¢t#[pimg_~P]Exrohilktuxlkr q_§&r kmYouq]npilkmo=\B]HxK+  ru]Hq
L(0) = 1
ª
B = inf{s ≥ 0 : L(s) = 0}.
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λ < µ
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(L(t))
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ρ = λ/µ
°&º[o=x
x ≥ 1
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Bx
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x
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= B
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B
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B
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ξ ≥ 0
ª
Nξ
j]Hq[ok]Hitw.o=riimouq~[xojn]7imib§&r kmYGrq3km]Hqilr kzg
ξ
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0 ≤ a < b
ª
Nξ([a, b])[]Eq[oukm]HikY[]&qhp[\P]Ex$o¢P~o=r q3kvi$o¢kY[rsi$~o=r q3k³~[xohnE]Hii.r q_kmY[]rq3km]ExLt
[a, b]
°;-ùqB~txmkmrsnp[stx7ª
Nλ
§&r x]E~xm]7il]Hq=k$kY[]}txxmrLtj~[xojn]7imi³tuq
Nµ
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Nλ
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Nµ
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(X(t))
°­XY]V~[xojn]Hii
(L(t))
nHtq¯P]xm]H~[xm]7il]Hq3km]H¬t=ikY[]imoupjkr o=qou¢kmY]izkohnvYtuilkmrsnb[r0/9]Ex]Eq3kmrstï] ® ptLkr o=q
dL(t)   

= L(t) − L(t−) = Nλ([t, t + dt]) −
	
{L(t−)>0}Nµ([t, t + dt])
= dNλ(t) −
	
{L(t−)>0}dNµ(t),
¶z7¸
§&Y]Ex]
L(t−)
rsi}kY[]_]¢àk#r \r kbou¢
s → L(s)
tk
t
°#º[o=x|kY[]_x]E~xm]7il]Hq=kvtLkr o=qMo¢ ® p[]Ep]Erq[atuxm¥=oL~xmojn]7imim]Hit=i&ilo= pjkr o=qi«o¢³izkojnvYtuilkmrsn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(X(t))
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S
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(X(t))
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S
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S
rsibt¤²q[r km]oux#nEoup[q3ktu[]_im]k§&Y[]Eq
(X(t))
ritatx¥uoLaoh[p[tkm]7w$o=riilo=qwWxmojn]7imiV¶·aaMwWw¨¸#o=x
S = R
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(X(t))
ri¨j]Eqokm]7hg
ν
°³XY[]|atuxm¥=oLhrtuqq[ouktLkr o=q
Ex(·)
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x
ou¢kY[]atx¥uoLB~[xohnE]Hii
(X(t))
ªhkmY[]Hxm]E¢Ýoux]
Eν(·)
§&r9[]Eq[oukm]kmY[]b]£j~P]Hnk]HV¹tu p]§&Y[]Hq¤kY[]~xmojn]7imi
(X(t))
ri&tk}] ® p[r r[xr p[\°XY[]Ltxrtu[ ]
L̃ε(t)
[]Eq[oukm]Hi@kmY[]qhp[\P]Ex¨o¢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t
r q¤kmY[]
M/M/1 ® p[]Ep]}§&rµkYkr \]E¦JLtxghr qil]Hxmhrsn]xtkm]u°$XY[]~[xmojnE]Hii
(L̃ε(t), X(t))
rsitatuxm¥=oL~[xojn]7imiH°.XY]|kxtuqilr kmrouqi@o¢kY[]#~[xojn]Hii
(L̃ε(t))
tuxm]buru]Hqhg+ -Õ¢
L̃ε(t) = l
tq
X(t) = x
tLk&kr \]
t
ª
l →
{
l + 1
tLk&xvtLkm]
λ
l − 1 ′′ (µ + εp(x))
	
{l>0}
¢Ýo=ximou\]¢Ýp[qnkmrouq
p(x)
ouqkY[]ilktkm]_im~t=n]#o¢³kY[]]Hq3hrxmo=q[\]Eq3k
S
tuqMimou\]im\tu ~txvt\]Ekm]Ex
ε ≥ 0
°M´áY[]Hq
p(x) > 0
ª.kmYrir \~[r ]7ikYtLk_kmY[]Hxm]Vri_tq¯tujrµkr o=qt«nEtu~tunErµkzgo¢|im]Ex3rsn]§&Y]EqnEou\~tuxm]7kmoBkY[]e3¦FEp[]Ep[]=°W`qkY[]no=q3kmxvtxguª3§&Y[]Eq
p(x) < 0
ªhkmY[]im]Exu]Hxri§&r kmYMtiloL§«]Exxtkm]kYtq r q¬kY[]eh¦Ep[]Hp[]u°±XY[] ® ptuq3kmr kzg p+(a) ¶·xm]7il~P]Hnkmru]Eg p−(a) ¸rsiBj]²q]H¯t=i max(p(a), 0)¶·xm]7il~P]Hnkmru]H g
max(0,−p(a))
¸°¨Ã«k}kr \]
t ≥ 0
ªjkY[]tu[[rµkr o=qtnHt~t=nr kzg¤rsikmY[]Hxm]E¢Ýoux]
εp+(X(t))tuq
−εp−(X(t))
rsikmY[]nHt~t=nr kzg o3izk7°
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
XY[]bLtxrtu[]
B̃ε
rsi¨kmY[]bjp[xvtLkr o=q¤o¢t[pimg~]Hxmroj¤izkvtxmkmrq[§&r kmYtnpizkou\]Ex7ªukYtLkrsiEªhuru]Hq
L̃ε(0) = 1
ª
B̃ε = inf{s ≥ 0 : L̃ε(s) = 0}.ºoux
x ≥ 1
ªhkmY[]Ltxrst[]
B̃εx
j]Eqokm]7i¨kmY[]#jp[xvtLkr o=qVou¢.t_[pimg¤~]Hxmrojilktuxlkr q_§&r kmY
x
npilkmo=\B]Hxi
¶
B̃ε1  
  
= B̃ε
¸° -ùqkmY[]#x]Hilk&o¢kY[rsi&~t~P]Ex7ª[§«]\tu¥u]kmY[]kz§«oB¢Ýou oL§&rq[tuiimp[\~jkmrouqiK+
kY[]¢Ýp[qnkmrouq
|p(x)|
rsi&o=p[qj]73gtBnEouqilktuq3k
M > 0
¶
H1
¸
ε sup(|p(x)| : x ∈ S) < µ.
¶
H2
¸
e3kvtqtxv¬txup[\]Eq3kviEª.il]H]VaM]Eghq¯tuq¬X§«]E]7jr]L2  4Jª³imY[oL§ kmYtk
(L̃ε(t), X(t))
ri_tq¬]Hxm=oh[rnaGtx¥uoLw@xohnE]Hii§&Y[]Eq
λ < µ
tuq
ε
ri|ilpj©¤nEr ]Hq=k gil\t)imo_kYtLk&kY[]#x]EstLkmrouq
λ < µ
(
1 + ε
∫
S
p−(x) ν(dx)
)
rsiitLkmrsil²]Hï° 5}q[]ExkmY]nouqjrµkr o=q
ρ = λ/µ < 1
ª@kmYrinEouqjr kmrouq §&r &P]imtkmrsiz²]H¯~xmoLhrsj]HkYtLk
ε
riilpj©¤nEr ]Hq=k gMim\t5°bXY[] ® p[]Hp[]§&r kmYMkr \]E¦JLtxghr qVil]Hxmhrsn]xvtLk]tuij]²q[]HtuoL=]§&r P]xm]E¢Ý]Exxm]7MkotuikmY[]~P]Exmkmpxmtkm]7 ® p[]Hp[]uª[]Eq[oukm]H)ª)¢Ýoux#imY[ouxmkHª3gGw³¦Ep]Ep[]=°XY]nHtuim] ε = 0o=h3roupilg¤no=xmx]Him~o=q[iWkmokY[]e3¦FEp[]Ep[]=°
  - +,+ %(5"!(,+	
  &%( 4,"# &2 /
XY]Wt=ilrsn³rsj]Ht&ou¢jkmY[]«~P]Exmkmp[xtLkr o=qtqtu gjimrinEtxxr ]7oupjk.r q#kY[rsi~tu~]Hxrsi)konEouqilkmxpnk.t|no=p[~[r qou¢WkY[][pimgG~P]Exr oj[iou¢¨kY[]~[xojn]Hiim]Hi
(L(t))
tuq
(L̃ε(t))
°VXY[rsiri[ouq[]tuib¢Ýo= oL§}iHª)~[xoL3rsj]7kYtLk&¢Ýo=x&oukmY ® p[]Ep]Hi«kmY]txxmrLt9~[xohnE]Hii«ri Nλ °
Â.Â	· Á  ³Â ½  j¹ ½  ´±]j]Hq[ok]|hg
N+
kmY[]q[ouqj¦ÕY[o=\Bo=u]Hq[]Eo=pi$w$oursimimouq~[xojn]Hii@§&Yo=im]rq3km]Hqilr kzgVrsi}=r =]Eqhg
t → εp+(X(t))
°|^¨ouqjr kmrouqt gouq
(X(t))
ªkY[]qhp[\P]Exo¢³~Pourq=kvi}ou¢
N+rqkmY[]#rq3km]HxmLt
[a, b]
ª
0 ≤ a ≤ b
rsiw$oursimimouq§&r kmY~txvt\]Ekm]Ex
ε
∫ b
a
p+(X(s)) ds.
XY]V~Pourq=kviou¢
N+
tx]Vj]Eqokm]7¬hg
0 < t+1 ≤ t
+
2 ≤ · · · ≤ t
+
n · · ·
tq¯tuxm]¤nHt ]7¯tujrµkr o=qt[]E~tuxlkp[xm]7iE°>-ùq~txmkmrsnptuxWkY[]jrsizkxmr[pjkr o=qou¢kmY]# ojnEtkmrouq
t+1
ou¢kmY]²xilk&~o=r q3k}o¢
N+
t¢àkm]Hx
0rsiuru]Hqhg=ªh¢Ýoux
≥ 0
ª
P(t+1 ≥ x) = P(N
+([0, x]) = 0) = E
(
exp
(
−ε
∫ x
0
p+(X(s)) ds
))
.
¶5u¸
ej]E]  xtuqj]H 2Ó4j¢Ýoux@tuqBt=nEnEoup[q3k$ouqBq[ouqj¦ÕY[o=\Bo=u]Hq[]Eo=pi)w$oursiilo=q~[xojn]Hiim]HiHªLxm]E¢Ý]Exxm]7#kmo#t=i.[oup[[gilkmojnvYt=izkrnw$oursimimouq~[xojn]Hiim]HiH°
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M/M/1 & '' 
½  Á   ½  j¹ ½  ´]V[]Eq[oukm]¤hg
N−
kmY[]¤~Pourq3k_~[xojn]7imio=jktur q[]7­hg   '# 	¤kmY[]~Pourq3k«~xmojn]7imi
Nµ
¶5eh]H]b{}ouP]Exmk 27 4Ý¸° -Õkrsi«[]²q[]7t=i@¢Ýo= oL§}iK+.Ã"~Pourq=k&tLk
s > 0
ou¢kmY]w$oursiilo=q~xmojn]7imi
Nµ
ri«t~Pourq3k«ou¢
N−
§&r kmY~[xmo=tr rµkzg
εp−(X(s))/µ
° -ùq¤kY[ri«§t¹guª
N−
ri«t_ilktkmrouqtuxmg~Pourq3k|~[xojn]Hii&§&r kmYrq3km]Hqilr kzg
εp−(X(s))
°}Ã~o=r q3k|ou¢
N−
rsi|nEtu ]HMt¤\tuxm¥=]Hj]H~txmkmp[x]u°&XY[]~Pourq3kiou¢
N−
tx]j]Eq[oukm]7hg
0 < t−1 ≤ t
−
2 ≤ · · · ≤ t
−
n ≤ · · ·
°@ºoux
x > 0
ªjhgVj]E²q[r kmrouq)ª
P(t−1 ≥ x) = E


Nµ([0,x])∏
i=1
(
1 −
εp−(X(si))
µ
)
 , ¶(=¸
§&Y]Ex]
(si)
tuxm]kmY[]#~Pourq3ki&ou¢kY[]#~o=r q3k}~[xojn]7imi
Nµ
°´ár kmYkmY]tPoLu]bq[okvtLkmrouqªjrµk}rsiq[ok}jr ©¤np[ k&kmoimY[oL§kYtLkkY[]atx¥uoL~[xojn]7imi
(L̃ε(t))
YtuikY[]it\]#jrilkmxr[pjkmrouqtui«kY[]imoupjkmrouqo¢.kmY[]ilkmojnvYt=izkrnbjr=/P]Hxm]Hq3kmrst)] ® ptLkmrouq
dL̃ε(t) = dNλ(t) −
	
{eLε(t−)>0}d
(
Nµ + N
+ −N−
)
(t),
¶·3¸
§&YrnvYri&kmY[]tuqtou=p[]ou¢Ä ® ptkmrouq¬¶z7¸¨¢ÝouxkmY]#w³¦Ep]Ep[]=°
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 ]kpi#tuiimp[\]kYtLk#t[pimgM~]Hxmroj§&r kmY±ouq[]npizkou\]ExizkvtxmkitLkbkmr\]
0
rqGkY[]¤e3¦FEp[]Ep[]tqw@¦Ep[]Hp[]u°1-ùqkY[riil]7nkr o=q)ª§«]j]Ekm]Ex\r q]#kmY[]²xilk}k]Ex\ou¢.kY[]~PoL§¨]Hx|im]Exr ]7i&]£j~tuqilrouqrq
ε
ou¢kY[]]E£h~P]Hnkm]7¹tu p]#o¢
B̃ε
ªkmY[][p[xtkmrouqo¢$kY[][pimgV~P]ExrohrqkmY[]w³¦Ep]Ep[]=°«XY[rsi|[]Exr LtLkr o=qtu oL§}i$piWr qVt=[jr kmrouqBkmot¹gBjoL§&q~txmk@o¢9kY[]|\tLk]Exrtu[q[]H]Hj]7r qkY[]}q[]E£3k«il]7nkmrouqkono=\~[pjkm]kY[]#\oux]rq3kmxrnHtLk]im]HnEouqVkm]Hxm\o¢kmY[]#~PoL§¨]Hx}il]Hxmr]Hi«]E£h~tqimr o=qrq
ε
°ºouxkmY]²xilk«o=x[]Ex«km]Hxm\ªj§«]o=q[ gVYt¹u]|kmono=qilrsj]Hx¨kY[]#nEt=il]7i¨§&Y]EqkmY[]Hxm]rsi¨]HrµkY[]Ex}timr qu]t=[jr kmrouqtu@j]E~txmkmp[x]oux#]Esim]¤tMilrq[u]\tx¥u]H±j]H~txmkmp[x]u°¤XY]~[xmo=tr rµkzgkmYtkoukmY¬]E=]Eq3kiojnHnp[x«r q¤kmY[]imtu\]|[pimg~]Hxmroj¤rsi¨nE ]7tx gou¢ïkmY[]bouxvj]Ex¨o¢)\t=q[r kmpj]bo¢
ε2
ilrqnE]}kmY]rq3km]Eqilr kmr]Hiou¢kY[]tuiilojnErtkm]HVw$oursimimouq~[xohnE]Hiil]7itx]~[xou~PouxmkmrouqtPkmo
ε
°ºoux
x ≥ 1
ª)kmY[]ilktr rµkzgt=imimp[\~jkr o=qib]Eqimp[x]kYtLkkmY]B]E£j~]7nkm]7GLtu p[]7ibo¢WkY[][pimgM~]Hxmr ¦oj[i#ilktuxlkr q§&r kmY
x
nEpilkmou\]HxiHª)qtu\B]H g
E(Bx)
tuq
E(B̃εx)
ª$tx]BoukmY­²q[r km]=°¤´áY[]HqkY[]²xvizkt=[jr kmrouqtu)tq\tx¥u]7Vj]H~txmkmp[x]Hi&tuxm]impnvYkmYtk
t+1 > B̃
ε
tq
t−1 > B̃
ε
kY[]Eq
B = B̃ε
°
-ùqMt_²xvizk|ilkm]H~)ªj§¨]~[xoLu]kmY]¢Ýou oL§&rq[Bkm]7nvY[q[rsnEtï]E\\t[°
¨½  ¯   C     	  ' #
K
O 
ε0 > 0
 N'#
ε < ε0

n ≥ 1 
sup
x∈S
E
(
B̃εn | X(0) = x
)
≤ Kn.
 1 KF -Õ¢$ouq]nvYo3o3il]7i
ε0
imoBkmYtk
µ0   

= µ − ε0 inf{p
−(x) : x ∈ S} > λ,kY[]EqnE ]7tx gVkmY[]q3p\P]Ex|ou¢@npilkmo=\B]Hxi}o¢$kmY[]w³¦Ep]Ep[]rsi|nE]Exmktur q[gim\t ]Hx&kmYtqkmY]qhp[\P]Exou¢}npilkmo=\B]Hxio¢|tq
M/M/1 ® p[]Ep[]§&rµkY¯txxmrLt@xvtLk] λ tq¬im]ExhrnE]xtkm] µ0 °±^¨o=qil] ® p[]Eq3kmguª
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kY[]nouxx]Him~o=qjrq[[pimgM~]Hxmroj[ibnou\~tuxm]r qGkmY[]imtu\]§t¹guªPY[]EqnE]r kbrsib]Eq[o=p[uYkmo¤kvt¥=]
K =
1/(µ0 − λ)
°
 ru]HqkY[]tPoLu]km]7nvY[q[rsnEtuï ]H\B\tªj§¨]#q[oL§"no=qilrsj]Hx¨kY[]jr=/P]Hxm]Hq3k}~o3imimr r rµkr ]7iE°
+    ½ [ÂÂ Ý  Á   ¨Â ½  j¹  ½
-Õ¢WkmY[]Hxm]Bribo=q[ go=q[]Bt=[jr kmrouqtu.[]E~tuxlkp[xm]BtqGq[o\tuxm¥=]HMj]H~txmkmpxm]_r q
(0, B̃ε)
kmY]Eq­tLk|kr \]
B̃ε
ªjkmY]#w³¦ ® p[]Hp[]#rsi]E\~jkzgtuq ® p]Ep[] L rsi§&rµkYo=q[]npizkou\]Ex#¶·im]E]º.rup[x]H¸°
6
-
6
BB̃εt+1
0
1
w³¦FEp[]Ep[]e3¦FEp[]Ep[]
º.rup[x] +³Ã([pimgVw$]HxmrojV§&r kmYMtqÃ&[jr kmrouqt]E~tuxlkp[x]
´±]il~P]HnErµ²PnEtg¤~[xoLu]kmY[]¢Ýo= oL§&r qB]E\\t[°
¨½  ¯   L' <   	 =  CO 	    C	
E
(
(B − B̃ε)
	
{t+1 <B}
)
= ε
Eν [p(X(0))
+]
(µ − λ)2
+ o(ε),
¶Ju¸

' 
ν
3C<
	 
 #	 
	83C K  O 	I#
(X(t))

 1 KF }´áY]EqkmY]Ex]#ri&o=q[gVouq]tu[jr kmrouqt)j]H~txmkmp[x]uª[kmY[]Ltuxmrst[]
B̃ε
rsi&]Ekz§¨]H]Eq
t+1
tq
t+2
°´±]nEtuq§&xr km]
E
(
(B − B̃ε)
	
{t+1 <B}
)
= E
(
(B − B̃ε)
	
{t+1 <
eBε<t+2 ,t
−
1 >
eBε}
)
+ ∆,
¶5=¸
§&Y]Ex]kY[]#oO/ïim]kkm]Hxm\
∆
nEtuqP]#Poup[q[]Htui«¢Ýo= oL§}i
∆ ≤ E
(
|B − B̃ε|
( 	
{t+2 <
eBε,t−1 > eBε}
+
	
{t−1 ≤
eBε,t+1 ≤ eBε}
))
.
¶  ¸
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M/M/1 & '' 
 ]kpi¤]Hilkmr\tLk]MkmY[]G²xvizk¤k]Ex\ o¢kmY[]xmruY3km¦JYtuqilrsj]ou¢ ¶·=¸° Ä ® ptLkr o=q¶5=¸tqkmY[]Poupqj]H[q[]Hiio¢
p
uru]bkmYtk
P(t+1 ≤ B) = 1 − E
(
exp
(
−ε
∫ B
0
p+(X(s)) ds
))
= εE
(∫ B
0
p+(X(s)) ds
)
+ o(ε)
= εE(B) Eν
[
p+(X(0))
]
+ o(ε) =
ε
µ − λ
Eν
[
p+(X(0))
]
+ o(ε)
hgBr qj]E~P]Eq[]EqnE]ou¢
B
tqBkmY[]izkvtLkr o=qtxrµkzg_o¢
(X(t))
° G«gBkmY]ilkmxouq[aGtx¥uoL~[xou~P]ExmkzgtLkWkY[]ilkmo=~[~[rq[Bkmr\]
B̃ε
ªnouqjrµkr o=qtg¤ouqkmY]]E=]Eq3k
{t+1 < B̃
ε < t+2 , B̃
ε < t−1 }
ªjkmY[]eh¦Ep[]Hp[]ilktxmkitk
B̃ε
tqr qj]E~P]Eq[]Eq3k}[pimgV~P]Exr oj§&rµkYouq[]#npizkou\]Ex7ªhkmY[]Hxm]E¢Ýoux]
E
(
(B − B̃ε)
	
{t+1 <
eBε<t+2 ,t
−
1 >
eBε}
)
= P(t+1 < B̃
ε < t+2 , t
−
1 > B̃
ε)
× E
(
(B − B̃ε) | t+1 < B̃
ε < t+2 , t
−
1 > B̃
ε
)
= P(t+1 < B̃
ε < t+2 , t
−
1 > B̃
ε)E(B1).
?|oL§#ª[ilrqnE]
{t+1 < B̃
ε} = {t+1 < B}
o=qVkY[]#]E=]Eq3k
{t+1 < B̃
ε < t+2 , B̃
ε < t−1 }
ªjkmY]Eq
P(t+1 < B̃
ε < t+2 , t
−
1 > B̃
ε) = P(t+1 < B) − P(t
+
1 < B̃
ε, t+2 < B̃
ε)−
P(t+1 < B̃
ε, t−1 < B̃
ε) + P(t+1 < B̃
ε, t+2 < B̃
ε, t+1 < B̃
ε)
= P(t+1 < B) + o(ε),imrqn]&kz§«o#oux¨\oux]&]£hkmxvtyzp[\~i¨r qkY[]it\]}pilgB~P]Exr ojrsi
o(ε)
°³ejr \rtuxmguª=3gpimrq[t3trqkmY[]ilkmxouqBatuxm¥=oL~[xmo=~]Hxlkzg=ªjouq[]=]ki«kY[]¢ÝouoL§&r q[]7izkr \tLkr o=q
E
(
|B − B̃ε|
	
{t+2 <
eBε,t−1 > eBε}
)
≤
∑
n≥2
E(Bn)P(t
+
n ≤ B̃
ε ≤ t+n+1, t
−
1 ≥ B̃
ε)
≤
1
(µ − λ)
∑
n≥2
nP(N+([0, B]) = n).
-ùqj]E]7ïªH=r =]EqbkmY]We3¦Ep]Ep[]=ª
N+([0, B])
Yt=i)tw$oursimimouqjrsizkxmr[pjkr o=q#§&rµkY#~txvt\]k]Ex ∫ B
0
εp+(X(s)) ds
ª§&YrnvYr \~[r]HikYtLk
∑
n≥2
nP(N+([0, B]) = n) =
E
(∫ B
0
εp+(X(s)) ds
)
− E
(∫ B
0
εp+(X(u)) du e−ε
R
B
0
p+(X(s)) ds
)
= o(ε)
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tuqkY[]}²xvilkWkm]Hxm\ rq¤kY[]|xr =Y3k¨Ytuq¤imrj]o¢ -ùq[] ® ptrµkzg¶  ¸@riWkmYhpi¨q[]E= rur[]tkWkmY]}²xvizk«ouxvj]Exrq
ε
°Xo]Hilkmr\tLk]&kmY[]bil]7no=q_km]Ex\ r qkY[]}xr =Y3kWYtqilrsj]}ou¢-ùq] ® ptr kzg¶  ¸ª=§«]}q[]H]HBkmo_nouqilrsj]ExkY[]¤jr=/P]Hxm]Hq3k~o3imimr r rµkr ]7i¢ÝouxkmY[]ojnEtLkr o=qou¢
t+1
tq
t−1
° -ùq±kmY[]¤nHtuim]BkmYtk
t+1
tuq
t−1
ohnHnp[x[p[xmrq[
[0, B]
tuq
B̃ε ≥ B
ª$tLkkr \]
B
kmY[]¤w@¦Ep[]Hp[]Yt=itLk_\Bo3izk
p ≥ 0
npilkmo=\]Exvi#rµ¢kY[]Ex]Yt¹u]&P]E]Eq
p+1
\tx¥u]7B[]E~tuxlkp[xm]7iE°>-Õ¢
D([0, B])
rsi@kY[]|qhp[\_]HxWo¢)nEpizkou\]ExviW[p[xmrq[#kY[]|pilg~P]Exroho¢.kmY]e3¦Ep]Ep[]=ªhkmY[]HqnE]Exmktur q[g
E
(
(B̃ε − B)
	
{ eBε≥B,t−1 ≤B,t
+
1 ≤B}
)
≤ E
(
EX(B)
(
BD([0,B])
))
P(t−1 < B, t
+
1 ≤ B ≤ t
+
2 )
≤ KE (D([0, B])) P(t−1 < B, t
+
1 ≤ B ≤ t
+
2 ) = o(ε),hg  ]E\\tu°¨`qkmY[]#oukmY[]Hx&Ytq)ª
E
(∣∣∣B̃ε − B
∣∣∣ 	 { eBε<B,t−1 ≤B,t+1 ≤B}
)
≤ E
(
B
	
{t−1 ≤B,t
+
1 ≤B}
)
= o(ε).
º.rqtguª
E
(∣∣∣B̃ε − B
∣∣∣ 	 {t−1 ≤ eBε,t+1 ≤ eBε}
)
≤ E
(∣∣∣B̃ε − B
∣∣∣ 	 {t−1 ≤B,t+1 ≤B}
)
+ E
(
B
	
{t−1 ≤B,B≤t
+
1 ≤
eBε}
)
,
§&Y]Ex]#rµknHtqP]ilYoL§&qrqtimr \rtux}§«t¹gtui&P]¢Ýo=xm]kYtLk|kmY[]stuilk&km]Hxm\-rsi
o(ε)
°|`q[]nEouqnE pj]HikYtLkVkmY[]Gkm]Ex\
∆
rsi
o(ε)
tui
ε
=o3]7ikmo
0
° G«gpilrq[¯Ä ® ptLkmrouq ¶53¸ª}§«]ou[ktrqkmY]j]7ilrxm]7x]Himp[ kH°
XY[]]7izkr \tkmrouq­o¢«kmY[]VxmruY3k#Ytq±imrsj]o¢Ä ® ptLkr o=qá¶·=¸b\t¹gGtu~[~P]Htx ® prµk]¤np[\_]Hximou\]u°-Õk}rsiY[oL§«]E=]Ex«§¨o=xlkYq[oukmrq[BkmYtk&kmY[]#]Hqh3rxouq[\]Eq3k
(X(t))
o¢kmY[]#w@¦Ep[]Hp[]r q3kxmojjpnE]Hi&j]H rsnEtkm][]E~P]Eqj]Hqn]7iEªh§&Y[rsnvYVYt¹u]}koP]Ytqj]HV§&rµkYnHtx]u°$XY[rsi¨rsi¨§&Y3g=ªh§¨]bYt¹u]nvY[o=im]Eqko_]E£j~[ rsnr kmg§&xr km]kmY]~[x]Hnrsim]il]Eklkmrq[¤rq§&Y[rsnvYkmY[]ilkmxouqaGtx¥uoL¤~[xou~P]Exmkzg¤rsi}pim]Hko¤u]Ek&kmY[]#²xilk}ouxvj]Exk]Ex\° -ùqVkY[]¢Ýou oL§&rq[ª[ilr\r stx}tuxm=p[\]Eq3ki«§&r ïq[ouk}]#]E£j~[ rsnr kmg¤¢Ýo=xm\_p[stLkm]7ï°
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 ½ ¯j  ½ ÂÂ ½  j¹ ½
ejp[~[~Po=im]BqoL§ kmYtLk#kmY]Ex]Brsi#o=q[ gGouq[]\tx¥u]7Gj]H~txmkmp[x]uªr5° ]u°¤tj]H~txmkmp[x]o¢¨kmY[]Ve3¦FEp[]Hp[]rinHtqnE]E]HV¢ÝouxkY[]w³¦Ep]Ep[]=ªtqq[otujrµkr o=qthyzp\B~i}jp[xr q_kY[]#[pimg¤~P]Exr ojo¢.kmY[]e3¦FEp[]Hp[]u°
-ùq kmY[rsinEt=il]=ª@tLkkmY]]Hq ou¢}kmY]pilg¬~P]Exroh o¢}kY[]e3¦FEp[]Ep[]=ªWtLkBkmr\]
B
ª@kY[]w³¦ ® p[]Hp[]Ytuio=q[]nEpizkou\]ExbtqkYhpi|ilktuxlkvi|t[pilg~]Hxmrojï°}w@xoLhr[]HkmYtLk}kY[]Ex]_tuxm]#q[oV\Bo=xm]\tuxm¥=]Htqt=[jr kmrouqtuj]H~txmkmpxm]7iWjp[xrq[
(B, B̃ε)
rq¤kY[]|w@¦Ep[]Hp[]}kY[]EqVkmY[]bjr=/P]Hxm]Hqn]]Ekz§¨]H]EqVPokY¤[pimg~P]ExrohiWYt=i@kY[]it\]bjrilkmxr[pjkmrouqtui@kmY[]b ]Hq[kY
B1
ou¢tilktuq[txv[pimg~]Hxmrojï°@eh]E]º.r =p[x]JM[°
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6
-
6
0
1
w³¦FEp[]Ep[]
t−1 B
e3¦FEp[]Ep[]
B̃ε
º.rup[x]	+@Ã G«pimgVw$]Exr oj§&rµkYMtB]E]k]H]E~tuxlkp[xm]
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E
(
(B̃ε − B)
	
{t−1 ≤B}
)
= ε
Eν [p
−(X(0))]
(µ − λ)2
+ o(ε).
¶ M=¸
 1 KF JG«g¤pilrq[BkmY[]it\]#txup\B]Hq3kituiP]¢Ýo=xm]=ª[ouq[]o=jktur qi«kY[]#x]EstLkmrouq
E
(
(B̃ε − B)
	
{t−1 ≤B}
)
= E
(
B1
	
{t−1 ≤B, B+B1<min(t
+
1 ,t
−
2 )}
)
+ o(ε)
= E(B1)P(t
−
1 ≤ B) + o(ε).Xo]Hilkmr\tLkm]
P(t−1 ≤ B)
ªx]HnEtu )kmYtk
(Di)
j]Eqokm]kY[]im] ® p[]Hqn]#ou¢$j]H~txmkmpxm]7i«kmr\B]7i}rqkmY[]
S
¦Ep[]Hp[]tq
N
kmY[]_qhp[\P]Exo¢Wnpizkou\]Exvi}im]Exu]Hjpxmrq[kY[][pilg~P]Exr ojo¢@]EqkmY
B
ªkY[]EqÄ ® ptLkmrouq­¶(3¸«uru]7iWkY[]#rsj]Eq3kmr kzg
P(t−1 ≤ B) = E


N∑
i=1
εp−(X(Di))
µ
i−1∏
j=1
(
1 −
εp−(X(Dj))
µ
)

=
ε
µ
E
(
N∑
i=1
p−(X(Di))
)
+ o(ε)
=
ε
µ
E(N)E
(
p−(X(D1))
)
+ o(ε)
hg­izkvtLkr o=qtxrµkzgo¢
(X(t))
tq­´­ts iº[o=xm\_p[st[°ehrqn]
E(N) = µ/(µ − λ)
¶·im]E]VÃ|~[~P]Eqjr £¸ªÄ ® ptLkmrouq­¶M3¸¨¢Ýou oL§}iH°
-ùqkmY[]B]£j~tuqimr o=qo¢@kY[]B[pimgM~]Hxmrojo¢WkmY[]Bw³¦FEp[]Ep[]=ª9kmY[]_km]Hxm\»rq
ε
riuru]HqGhgkmY[]Bkz§«o]Hu]Hq=kvinEouqimrsizkr q[r q_ouq[gouq[]«\tx¥u]7oux.ouq[gouq[]tu[[rµkr o=qthj]E~txmkmp[x]¨jpxmrq[}kY[]«[pimg#~]Hxmrojou¢
L
°@XY[]q[]£hk}~[xou~Po=imrµkr o=qV¢Ýo= oL§}i¨¢Ýxmo=\¡Ä ® ptkmrouqi¶J¸tq±¶ Mu¸E°
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E(B̃ε) =
1
µ − λ
− ε
Eν [p(X(0))]
(µ − λ)2
+ o(ε).
¶5=¸
Ä ® ptkmrouq±¶·=¸Wrsi«nEouqimrsizk]Eq3k¨§&r kmYkmY[]imo¦ùnEt]H{&]7jpn]7eh]Hxmhrsn]b{}tLk]btu~[~[xo¹£hr\tLkr o=q)°Ãi«t\tklkm]Hx}o¢.¢·tunkHª]Eu]Hxmg3kY[r qBYt~[~P]Eqi|tui&r ¢³§¨]#Yt=tnstuiilrsnEtu
M/M/1 ® p[]Ep[]§&rµkYim]ExhrnE]#xtkm]
µ + εEν [p(X(0))]
tqGtxxmrLt)xvtLk]
λ
°-ùqMkYtLk ® p[]Ep[]=ªPkmY[]B\]HtqM]EqkmYo¢³kY[][pilg~P]Exr ojMrsi=r =]Eq3g
1
µ + εEν [p(X(0))] − λ
=
1
µ − λ
− ε
Eν [p(X(0))]
(µ − λ)2
+ o(ε),
§&YrnvYVnEourqnrsj]7iW§&r kmY¤Ä ® ptLkmrouq±¶·u¸E° -ùqkmY]|¢Ýo= oL§&r qil]7nkr o=q)ª=§«]|rqhu]7izkr 3tLkm]}kmY[]il]7no=qouxvj]Exk]Ex\ tqimY[oL§ákYtLk&kY[]{|ej{(tu~[~[xo¹£hr\tLkr o=qVrsiq[o\Bo=xm]Ltrsï°
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-ùq_kmYri@im]Hnkmrouq)ªkmY[]&noh]E©nEr ]Hq3k$ou¢
ε2
o¢kmY[]&\]7tqB[pimg~]Hxmroj
E(B̃ε)
rsi³nEtunEp[stLkm]7ï°;-ùqBkY[]}imtu\]§t¹gtui«¢Ýo=x¨kY[]b²xvizk&ouxvj]HxHª=kmY[rsi&noh]E©nEr ]Hq3krsix]EstLkm]7ko_kY[]]E=]Eq3k¨kYtLkkz§«o_]E£hkmxvt}yzp[\~i}ohnHnp[x[p[xmrq[Mt[pimg~P]Exr oj±o¢«kmY]~]Hxlkp[xmtLkm]7
M/M/1 ® p]Ep[]=°ehrqn]]E£3kxt_yzp[\~inEtq­P]]Er kmY[]Hxt=[jr kmrouqtuj]H~txmkmp[x]Hi}ouxnHtqnE]E]HMj]H~txmkmpxm]7i¶Ý\tx¥u]7j]E~tuxlkp[x]Hiv¸ª[kY[]Ex]tuxm]kY[xm]H]nEt=il]7ikmorqhu]7izkr 3tLkm]=°Ãi@r k¨§&r ]|im]E]Hq)ª=kmY[rsiWnEo3]E©¤nr]Eq3k¨ilkmx]Hiil]7i$kmY[]|r \~Pouxmktqn]}ou¢PkY[]}]Huoupjkr o=qo¢9kmY[]Ltuxmghrq[nHt~t=nr kzguª9kY[xmo=p[uY±r ki#no=xmx]EstLkr o=qM¢Ýp[qnkmrouq­rq~tuxlkrnEp[stx7°BXY[rsi§tuibq[ok#kY[]nEt=il]_¢ÝouxkY[]²xvizk&o=xj]Hx«km]Ex\ªimr qnE]ouq[gkmY]t¹u]Exvt=]|Ltp[]o¢.kmY]nEt~tunr kzg¤imY[oL§}ip[~kmY[]Hxm]=°
-ùqákY[]¢Ýo= oL§&rq[ªrqouxvj]Ex¤kmo¯=]k¤kY[]
ε2
nEo3]E©¤nr]Eq3kHª}o=q[]Yt=iko no=qilrsj]HxkmY[]±jr=/P]Hxm]Hq=k~Po=iimr [rrµkr ]7i«¢Ýoux&kY[]# ojnHtLkmrouqo¢.kmY]#¹tuxmrst ]7i
t+1
ª
t+2
tuq
t−1
ª
t−2
° G«g¤pilrq[ilr\r stx}tuxm=p[\]Eq3kit=i«r qeh]7nkmrouq([ªjr k}rsiq[ok}jr ©¤np[ k&kmoimY[oL§ákmYtLk|tqhg]Hu]Eq3k&rq3=ouhr q[
t+3
o=x
t−3
ghr]Es[i&t_km]Hxm\¡ou¢kY[]#ouxvj]Hx
ε3
rqVkY[]#]£j~tuqimr o=qou¢
E(B̃ε − B)
°]²q]
A+ = {t
+
1 ≤ B, t
−
1 ≥ t
+
1 + BL(t+1 )−1
}.`q kmY[rsi]E=]Eq3kHª¨tj]H~txmkmpxm]rit=[j]H tq¬kmY]pilg ~]Hxmroj¯o¢kmY[]w³¦FEp[]Ep]²q[rimY[]7i_P]¢Ýo=xm]tj]E~txmkmp[x]¤rsi_imp[~[~[x]Hiim]H¶·q[ok]¤kmYtLk
BL(t+1 )−1
ri_kY[]V]Eq[ukmY o¢|tpilg­~P]Exr oj¬ou¢be3¦FEp[]Ep]
ilktuxlkr qBtk&kmr\B]
t1
§&r kmY
L(t+1 ) − 1
nEpilkmou\]Hxiv¸°W`qkmY[]#]Hu]Eq3k
A± = {t
−
1 ≤ B, B ≤ t
+
1 ≤ B + B1},tG\tx¥u]H j]E~tuxlkp[x]VojnEnEp[xiBtq tqokmY]Exj]E~tuxlkp[x]Vrsi_t=[j]H ]E¢Ýoux]VkY[]nou\~[]kr o=q ou¢}kmY[]pilgG~]HxmrojGou¢WkmY]w³¦ ® p[]Hp[]uª§&Y[]Ex] B1 j]Hq[ok]HibkmY][p[xtkmrouq±o¢¨kmY[]tujrµkr o=qt³pilgG~]Hxmroj[p[]kmoBkmY]ilp[~~[xm]7imim]Hj]H~txmkmp[x]u°$º.r qt g=ª[ouqkmY[]#]Hu]Hq=k
A− = {t
−
1 ≤ B, B + B1 ≤ t
+
1 },tkb]Ht=izkt\tx¥u]HGj]E~tuxlkp[x]_ojnEnEp[xvibtuqqo[]E~tuxlkp[xm]7ituxm]tuj]HG]E¢Ýoux]_kY[]no=\B~ ]EkmrouqGou¢kY[]#[pimg¤~P]Exr oj
B1
°
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M/M/1 & '' K(
G«g_nvY]Hnv¥hr qtu [kmY[]}jr=/9]Ex]Eq3kWnEt=il]7iEªr k@rsi³q[okW[rµ©¤npµk@koil]H]kmYtk@rµ¢
A = A+∪A±∪A−
ª=kmY[]]E£j~[xm]7imimrouq
E((B̃ε − B)
	
Ac)
ri
o(ε2)
¶5tqG]Eu]Hq] ® ptukoVr q±ilo=\B]BnEt=il]7iEª¢Ýouxbr qizkvtqnE]§&Y[]HqkY[]Ex]|tuxm]}t\tx¥u]7j]E~tuxlkp[x]}tqtuqt=[jr kmrouqtuj]H~txmkmpxm]&rq¤ilpnvY¤t§«t¹gkmYtk
B̃ε = B
¸°³XY[]¢Ýo= oL§&rq[Bim]Hnkmrouqi&tuxm]#j]Huoukm]HVkmoBkY[]#]Hilkmr\tLkmrouqo¢
E((B̃ε − B)
	
A)
¢Ýo=x
A ∈ {A+,A±,A−}
ª
-ùqt²xilkilkm]H~)ªW§«]tqtu g DE]VkmY[]MnHtuim]§&Y[]Hq kY[]Ex]tx]Vouq g¯t=[jr kmrouqtu[]E~tuxlkp[xm]7iP]¢Ýo=xm]
B
ªWkYtLkriHª¨§«]Mno=qilrsj]HxkmY[]k]Ex\
E((B̃ε − B)
	
A+)
°´áY[]Hq qo±\tuxm¥=]H j]E~tuxlkp[x]ojnHnp[xviEªtkb\o3izkbkz§¨otu[[rµkr o=qt³j]H~txmkmp[x]Hi|r qkmY]kr \]r q3k]Ex¹tu
[0, B]
ªïohnHnp[xxr q[tLkbkmr\]
t+1
tq
t+2x]Him~P]Hnkr =]Eguªï\t¹gM~[st¹gtVxou]Br qkmY[]¤nEou\~[pjkvtLkr o=qGo¢¨kmY[]nEo3]E©¤nr]Eq3k#o¢
ε2
o¢
E(B − B̃ε)
°<-ùqkY[rsibnHtuim]uªPkmY][r0/9]Ex]EqnE]_P]kz§«]E]Hq
B − B̃ε
rib] ® ptu.kmokmY[]B[pimgM~]HxmrojGou¢¨tq±e3¦Ep]Ep[]B§&Y[rsnvYilktuxlkvi@§&r kmY¤]HrµkY[]Ex¨ouq[]ouxWkz§¨onEpilkmou\]HxiHª=j]H~]Hqjrq[o=qkmY[]¢·tunk@kmYtLkHªho=qkmY[]]E=]Eq3k
{t+1 ≤ B}
ªkY[]#[pimg¤~P]Exr ojo¢kmY[]#w@¦Ep[]Hp[]ri|txm]7tujg¤nEou\~[]km]7tLkkmr\]
t+2
o=x«qokH°Wej]E]º.r =p[x] ([°Ãi|P]¢Ýo=xm]=ª
B2
[]Eq[oukm]Hibtxvtq[ou\-¹tuxmrst ]§&r kmYGkmY[]Bimtu\]_jrsizkxmr[pjkr o=qGtui}kmY[]imp[\o¢³kz§«orqj]H~]Hqj]Hq=k}Ltuxmrst[]Hijrsilkmxr [p[km]Ht=i
B1
tuqVrqj]H~]Hqj]Hq=ko¢
B
ª
t+1
tq
t+2
°¨`q[]#u]Eki
E
(
(B − B̃ε)
	
A+
)
= E
(
(B − B̃ε)
	
{t+1 ≤B,t
−
1 ≥t
+
1 +BL(t+
1
)−1
}
)
= E (B2) P
(
t+1 < B, t
+
2 < t
+
1 + BL(t+1 )−1
, t−1 ≥ t
+
1 + BL(t+1 )−1
)
+ E (B1) P
(
t+1 < B, t
+
2 ≥ t
+
1 + BL(t+1 )−1
, t−1 ≥ t
+
1 + BL(t+1 )−1
)
+ o(ε2).XYri&j]7no=\B~Po=imr kmrouq]Eq3ktur si«kmYtk
E
(
(B − B̃ε)
	
A+
)
= (E (B2) − E (B1)) P
(
t+1 < B, t
+
2 < t
+
1 + BL(t+1 )−1
)
+ E (B1)
(
P
(
t+1 < B
)
− P
(
t+1 < B, t
−
1 ≤ t
+
1 + BL(t+1 )−1
))
+ o(ε2).
¶lH=¸
6
-
6


t+1 B
e3¦FEp[]Ep[]
t+2 B̃
ε
w³¦FEp[]Ep[]
ºrupxm]3(C+³X§¨oÃ&[[rµkr o=qt]E~txmkmp[x]Hi
ºxmo=\ Ä ® ptkmrouqG¶lHu¸ª=o=q[]}Yt=i³ko]£j~tuqBkmYxm]H]}]£j~[x]Hiilrouqi³§&rµkYxm]7il~P]HnkWko ε °$XYriWri¨jouq[]hg¤~xmoLhrq[kY[]kmYxm]H]¢Ýo= oL§&rq[ ]H\B\t=iE°
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H '	       	  =
	   J$

¨½  ¯    C 
'#  
P
(
t+1 < B, t
+
2 < t
+
1 + BL(t+1 )−1
) 8
 < '  
P
(
t+1 < B, t
+
2 < t
+
1 + BL(t+1 )−1
)
= ρε2E
(∫ B
0
(B − v)Eν
(
p+(X(0))p+(X(v))
)
)
dv + o(ε2),
¶lu7¸
 1 KF   ]k@pi@xm]7nEtjkY[]&xm]Hu]Hq[]ExvtLkr =]«j]7imnExmr~jkr o=qBou¢9tpilg_~]Hxmrojizkvtxmkmrq[#tLk³kmr\]
0
§&r kmYouq[]nEpilkmou\]HxK+Ã«k#kmr\]
E1
¶Ý]E£h~Pouq]Eq3kmrst gjrilkmxr[pjkm]7G§&r kmY­~tuxtu\]km]Hx
λ + µ
¸ª§&r kmY­~[xout[r r kzg
µ/(λ+µ)
kmY[]&[pilg~P]Exroh_rsi$²q[rsilY]Hï°@`|kmY[]Hxm§&rsim]uª§&r kmYB~[xoutu[r r kzg
λ/(λ+µ)
ª3tq]E§npilkmo=\B]Hxtuxmxru]Hi.tqBtimp[j¦Õ[pimg~P]Exr oj_o¢ïjp[xvtLkmrouq
B11
¶·§&rµkYBkmY[]}it\]&jrsizkxmr[pjkr o=qt=i
B1
¸.]Hurqi³p[q3kr kY[]qhp[\P]Exo¢$npilkmo=\]Exvi¨x]Ht=nvY[]Hi
1
t=tur q° -ùqkmY[rsi§t¹guª3kmY[]Ltxrst[]
B
nEtuqVP]xm]H~[xm]7il]Hq3km]Htui¢Ýo= oL§}i
B = E0 +
H∑
i=1
(
Ei + B
i
1
)
,
¶l7u¸
§&Y]Ex]
H
ri=]Eo=\B]EkmxrnHt g jrilkmxr[pjkm]7§&rµkY~tuxtu\B]Ekm]Hx
λ/(λ + µ)
ª
(Ei)
tx]Mr5° rJ° ]E£h~Pouq]Eqj¦krtu gjrsizkxmr[pjk]HG§&rµkYG~tuxtu\B]Ekm]Hx
λ + µ
tq
(Bi1)
tuxm]_r5° rJ° ï°Ã| .kY[]Him]_xvtqjou\Ltxrtu[]Hibtx]rqj]H~]Hqj]Hq=k7°@º[o=x
0 ≤ i ≤ H
ª
c
si
j]Eqokm]7i.kmY[]&]HqBo¢PkmY[]
i
kYimp[j¦Õ[pimgnEghnE ]$+
s0 = 0
tuqïªL¢Ýo=x
i ≥ 1
ª
si = si−1 +Ei +B
i
1
ª
B = sH + E0

c
Ni
j]Hq[ok]HikY[]qhp[\P]Ex}ou¢.tuxmxr Ltuijp[xrq[BkmY[]
i
kmYMimp[j¦Õ[pimgVngjnE ]
c
si−1 + D
i
1
ª)°E°H°Eª
si−1 + D
i
Ni
tx]kY[]#rqizkvtq3kiou¢.j]H~txmkmpxm]7io¢.nEpilkmou\]Hxi&jpxmrq[BkmY[]
i
kYilpj¦Jpilgngjn]u°
ºoux«kmY]yzourq=k|[rilkmxr pjkmrouqo¢kmY[]#=]Hnkoux
(Ni, D
i
1, . . . , D
i
Ni
)
ª[il]H]kY[]Ã}~~]Hqjr £9°¨ºrupxm]buru]Hituqr pilkmxvtLkr o=qou¢kY[]#tPoLu]#j]E²q[r kmrouqiH°
-Õk#rsi]7tuimgkmoil]H]kYtLk¢Ýo=xkY[]]E=]Eq3k
{t+1 ≤ B , t
+
2 < t
+
1 + BL(t+1 )−1
}
kmoojnEnEp[xHª
t+1
tq
t+2Yt¹u]}ko_P]r qkmY]bit\]ilp[[¦J[pilg~P]Exr ojïª
[si−1 + Ei, si]
ªh¢Ýoux&ilo=\]
i ∈ {1, . . . , H}
°³º[oux&t²[£j]H
i
ªhkY[]#~[xoutu[r r kzgkmYtkkmY[]²xvilk&kz§¨otu[[rµkr o=qthyzp[\~i|tx]brqkmY[]
i
¦JkmYilpj¦JpilgV~]Hxmrojïª[rsi
E
(∫ si
si−1+Ei
εp+(X(u))e−ε
R
u
0
p+(X(s)) ds
(
1 − e−ε
R
si
u
p+(X(s)) ds
)
du
)
= ε2E
(∫ si
si−1+Ei
p+(X(u))
∫ si
u
p+(X(s)) ds du
)
+ o(ε2).
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 -
6
- -
1
B11
s0=0 E1 sH−1 sH B
E0
s1 º.rup[x]'+³]Hno=\~o3ilr kmrouqo¢³t G¨pilg¤w$]Hxmroj
ehrqnE]uª
Bi1 = si − si−1 − Ei−1
YtuikY[]it\]jrsizkxmr[pjkr o=qtui
B
tqhgkmY[]BizkvtLkmrouqtxrµkzg¤ou¢
((X(t))
ª[kmY[]nEo3]E©¤nr]Eq3k&o¢
ε2
nEtqP]#]£j~[x]Hiil]7Vtui«¢Ýo= oL§}iHª
E
(∫
0≤u≤v≤B
p+(X(u))p+(X(v)) du dv
)
= E
(∫
0≤u≤v≤B
Eν
(
p+(X(0))p+(X(v − u)
]
) du dv
)
.
º.rqt g=ªimr qn]
H
ri=]Eo=\B]EkmxrnHt g[rilkmxr pjkm]7§&r kmY¬~txvt\]k]Ex
λ/(λ + µ)
ªÄ ® ptkmrouq¶lu7¸¢Ýo= oL§}iH°
´±]&kmpxmqq[oL§ kmokmY]}]£j~tuqilrouqBo¢PkmY] ® ptq3kmr kzg P(t+1 ≤ B) ª=§&Y[rsnvYri@o¢ïnoupxim]«tx]²q[]E\]Eq3kou¢§&Ytk}YtuiP]E]HqMjouq[]rqeh]Hnkmrouq([°
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P(t+1 ≤ B)
8
 < '  
P(t+1 ≤ B) = ε
Eν (p
+(X(0)))
µ − λ
− ε2E
(∫ B
0
(B − v) Eν
(
p+(X(0))p+(X(v))
)
dv
)
+ o(ε2).
¶lK(=¸
 1 KF }´±]n]HtuxmgYt¹=]
P(t+1 ≤ B) = E
(
1 − e−ε
R
B
0
p+(X(s)) ds
)
= ε
Eν [p
+(X(0))]
µ − λ
−
ε2
2
E


(∫ B
0
p+(X(s)) ds
)2
+ o(ε2).
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XY]im]HnEouq\ou\]Eq3k}ou¢kmY]#r q3km]Huxvt)nHtq]#]E£h~xm]7imim]Htui«¢ÝouoL§}iEªjhgVimgh\B\]Ekmxguª
E


(∫ B
0
p+(X(s)) ds
)2
 = 2E
(∫
0≤u≤v≤B
p+(X(u))p+(X(v)) du dv
)
= 2E
(∫
0≤u≤v≤B
Eν
(
p+(X(0))p+(X(v − u))
)
du dv
)
hgVilktkmrouqtuxmr kzgo¢.kmY]#~[xmojnE]Hii
(X(t))
tqÄ ® ptLkr o=q¬¶z (u¸¨¢Ýou oL§}iH°º.rqt g=ªj§¨]b]£[tu\Brq[]|kmY[]]£j~tuqimr o=q¤o¢
P(t+1 < B, t
−
1 ≤ t
+
1 + BL(t+1 )−1
)
°³XY[rsi«km]Hxm\ rsi«\oux][]ErnHtLkm]bko]£j~tqïªj]7nEtupil]ou¢kmY]ilp[~~[xm]7imim]Hj]H~txmkmp[x]u°
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P(t+1 < B, t
−
1 ≤ t
+
1 + BL(t+1 )−1
)
 O:
  CO $ @
P(t+1 < B, t
−
1 ≤ t
+
1 + BL(t+1 )−1
)
=
ε2
µ
E


H∑
i=1
Ni∑
j=1
∫ Ai
0
p+(X(u))p−(X(Dij)) du

+ o(ε2) ¶lE3¸

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H
   	I 
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
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 
λ/(µ + λ)  (Ni, Di1, . . .DiN )  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Bi   
Ai = B
i
1 + E0 +
H∑
k=i+1
(Ek + B
k
1 )

' 
(Ei)
  % I  CO '  
	 

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  	I 
µ+λ
O 
(Bi1)
  % 

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B

 1 KF J5ilrq[kmY[]xm]Hu]Eq]ExvtLkmru]}[]Hinxr ~jkr o=qo¢t_izkvtq[tuxpilg~P]Exr ojrq3kmxojjpn]7rqkmY[]b~[xoho¢ou¢  ]H\\thª9kY[]¹tuxmrst ]
t−1
Yt=i|koojnHnp[xbr q±ilo=\]Bimp[j¦Õ[pimgM~]Hxmroj
[si−1 + Ei, si]
o¢
B
¢Ýouximou\]
1 ≤ i ≤ H
°Ã¡ r klk ]kY[oupuY3k_imY[oL§kYtLk_rµ¢
t−1 ∈ [si−1 + Ei, si]
kmY[]Hq
t+1
Ytui#kmoMP]Vrq
[si−1 + Ei, B]
¢Ýo=xWkY[]]Hu]Hq=k
{t+1 < B, t
−
1 ≤ t
+
1 + BL(t+1 )−1
}
kmoBojnEnpxH°$XY[]b~[xmo=tr rµkzg_kmYtLk
t−1tuq
t+1
tuxm]b ojnHtLkm]7r q
[si−1 + Ei, si]
tq
[si−1 + Ei, B]
ªxm]7il~P]Hnkmru]Eguªjrsi
E


∫ B
si−1+Ei
εp+(X(u))e−ε
R
u
0
p+(X(s)) ds du
Ni∑
j=1
ε
p−(X(si−1 + D
j
i ))
µ
j−1∏
k=1
(
1 − ε
p−(X(si−1 + D
i
k))
µ
) i−1∏
l=1
Nl∏
r=1
(
1 − ε
p−(X(sl−1 + D
l
r))
µ
))
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§&Y]Ex]kY[]noh]E©nEr ]Hq3kou¢
ε2
rsi
1
µ
E


Ni∑
j=1
∫ B
si−1+Ei
p+(X(u))p−(X(si−1 + D
j
i )) du

 .
^¨o=qimrj]Hxmrq[ kmY[]­jr=/P]Hxm]Hq=kimp[j¦ùngjn]Hijp[xrq[
B
tqhgkmY[]¬ilktkmrouqtuxmr kzgo¢
(X(t))
ªÄ ® pt¦kr o=q±¶lEh¸¨¢Ýou oL§}iH°
´±]&tx]¨q[oL§ t[]«kmo#no=\B~pjkm]¨kmY[]}nEoh]©¤nr]Eq3k$o¢
ε2
rqkY[]~oL§«]Ex³im]Exr ]7i]E£h~tqimr o=qou¢
E((B̃ε−
B)
	
A+)
rq
ε
°
   Á WÁ · Á     ' K 'F
ε2
  'I  ''O"
E((B − B̃ε)
	
A+) 
 :  C6 
ε > 0
   8

a+ = −
1
µ
E
(∫ B
0
(B − v) Eν
(
p+(X(0))p+(X(v))
)
dv
)
−
1
µ2(1 − ρ)
E


H∑
i=1
Ni∑
j=1
∫ Ai
0
p+(X(u))p−(X(Dj)) du

 . ¶l7u¸
Xono=\B~ ]Ekm]kmY]|tqtu gjimriHª§«]&q[oL§ kmp[xqBkmokmY]}]£j~tuqilrouqBo¢
E((B̃ε−B)
	
A±)
tq
E((B̃ε−
B)
	
A−)
° -ùqkmY[]#nEtunEp[stLkmrouqiEªhr k&tu~[~P]Htxvi«\oux]bnEouqhu]Hq[r ]Hq3k¨koBnEouqimr[]Ex«kmY[]#imp[\¡ou¢PokmYkm]Hxm\ituq§¨]bkmY]EqYt¹u]bkY[]¢Ýou oL§&rq[Bxm]7ilpµk7°
   Á WÁ · Á    C K '1
ε2
 LC COC 
E((B̃ε −B)
	
A±∪A−) 
   '
 
ε > 0
   8

a− =
1
µ2(1 − ρ)
(
−E
(
N∑
i=1
∫ B+B1
0
p−(X(Di))p
+(X(s)) ds
)
+
1
µ
E


N∑
i=1
N ′∑
k=1
p−(X(0))p−(X(B − Di + D
′
k))



 , ¶lH=¸

' 
(N, D1, . . . , DN)
O 
(N ′, D′1, . . . , D
′
N ′)
  O ' '#	I
  $ '	   C  
'	    	I3 :' 
  '  3=	 
B
O 
B1
  '  
 1 KF }´áY]Eq¬tilrq[u]B\tuxm¥=]Hj]E~tuxlkp[x]BojnHnp[xvi¶·tLkkr \]
t−1
¸bP]¢Ýo=xm]
B
ªtq­tu[jr kmrouqt³[pimg~P]Exroho¢$]Eq[ukmY
B1
Yt=i«kmoP]tu[[]HVkmoktu¥u]br q3ko¤tunEnEoup[q3k«kmY[]imp[~[~xm]7imim]Hj]E~txmkmp[x]u°
G«gkmY[]ilkmxouqaGtx¥uoL~[xou~P]Exmkzguª[§&r kmYkY[]it\]#\]kY[ojMtui&rqGeh]HnkmrouqN([ªouq[]o=jktur qikmY[]x]EstLkr o=q
E
(
(B + B1 − B̃
ε)
	
{t−1 ≤B, B≤t
+
1 ≤B+B1}
)
= E (B′1) P
(
t−1 ≤ B, B ≤ t
+
1 ≤ B + B1
)
+ o(ε2),
ÚÚ-ÈPìQ¹ëFR
 M '	       	  =
	   J$

§&Y]Ex]|kY[]xtuqjou\ Ltuxmrst[]
B′1
Yt=i«kmY[]#it\]b[rilkmxr pjkmrouqtui¨kmY]#xtuqjou\ Ltuxmrst[]
B1
ªjY[]EqnE]uª
E
(
(B̃ε − B)
	
A±
)
= E
(
(B̃ε − B)
	
{t−1 ≤B, B≤t
+
1 ≤B+B1}
)
= E
(
B1
	
{t−1 ≤B, B≤t
+
1 ≤B+B1}
)
− E (B′1) P
(
t−1 ≤ B, B ≤ t
+
1 ≤ B + B1
)
+ o(ε2).
¶l  ¸
?|oL§#ªjkz§¨o\tuxm¥=]Hj]E~tuxlkp[x]HirqkmY[]it\][pimg~]Hxmroj=r =]Hi«kz§«otu[jr kmrouqt)rqj]H~]Hqj]Eq3kpilgV~]Hxmroj[i&izkvtxmkmrq[§&rµkYouq[]#npizkou\]Ex7ª
E
(
(B̃ε − B)
	
A−
)
= E
(
(B̃ε − B)
	
{t−1 ≤B, B+B1≤t
+
1 }
)
= E
(
B1
	
{t−1 ≤B, B+B1≤min(t
+
1 ,t
−
2 )}
)
+ E
(
(B1 + B
′
1)
	
{t−1 ≤B, B≤t
−
2 ≤B+B1, B+B1+B
′
1≤t
+
1 }
)
+ E
(
B2
	
{t−1 ≤B, t
−
2 ≤B, B+B1+B
′
1≤t
+
1 }
)
+ o(ε2).
9|]EqnE]uª
E
(
(B̃ε − B)
	
A−
)
= E
(
B1
	
{t−1 ≤B,t
−
2 >B+B1}
)
− E
(
B1
	
{t−1 ≤B,t
+
1 ≤B+B1}
)
+ E
(
B1
	
{t−1 ≤B, B≤t
−
2 ≤B+B1}
)
+ E (B′1) E
( 	
{t−1 ≤B, B≤t
−
2 ≤B+B1}
)
+ E
(
B2
	
{t−2 ≤B}
)
+ o(ε2).
º.rqtguª
E
(
(B̃ε − B)
	
A−
)
= E (B1) P
(
t−1 ≤ B, t
−
2 > B
)
− E
(
B1
	
{t−1 ≤B,t
+
1 ≤B+B1}
)
+ E (B′1) P
(
t−1 ≤ B, B ≤ t
−
2 ≤ B + B1
)
+ 2E (B1) P
(
t−2 ≤ B
)
+ o(ε2),
¶lKM=¸
ºxmo=\eh]Hnkmrouqhª[r k}rsi&q[ok}jr ©¤np[ k}koim]E]bkYtLk&kY[]#]£j~[x]Hiilrouq
P
(
t−1 ≤ B, t
−
2 > B
)
+ 2P
(
t−2 ≤ B
)
Ytuiq[ok]Ex\ rq
ε2
rqMr ki&]E£h~tqimr o=q)°WXYhpikY[]²xvizk&k]Ex\tuqkmY[]stuilk&km]Hxm\o¢.kmY[]xmruY3k&Ytqimrsj]o¢$Ä ® ptLkr o=q±¶lKM=¸nHtqnE]Eïo=pjk¢ÝouxkmY]#]£j~tqilrouq)°XY[]¢Ýo= oL§&rq[_]E£j~tqimrouqi&tuxm]boujkvtrq[]Hrqtimr \rtux&§«t¹g¤t=i]E¢Ýoux]
E
(
B1
	
{t−1 ≤B, t
+
1 ≤B+B1}
)
=
ε2
µ
E
(
B1
N∑
i=1
∫ B+B1
0
p−(X(Di))p
+(X(s)) ds
)
+ o(ε2),
ßÝÅ.Ú)ßàÇ
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M/M/1 & '' H
tuq
P
(
t−1 ≤ B, B < t
−
2 ≤ B + B1
)
=
ε2
µ2
E


N∑
i=1
N ′∑
k=1
p−(X(0))p−(X(B − Di + D
′
k))

+ o(ε2),
§&Y]Ex]
(N, D1, . . . , DN )
tuq
(N ′, D′1, . . . , D
′
N ′)
j]Hq[ok]MkmY[]Gq3p\P]ExVou¢j]E~tuxlkp[x]Hi¤tuq kmY[][]E~tuxlkp[xm]7i¨kmr\B]7i&rqkz§«or qj]E~P]Eq[]Eq3k}[pimg¤~P]Exr oj[iou¢.]Eq[ukmY
B
tq
B1
ª[x]Him~P]Hnkr =]Egu°
-Õ¢«§¨]ilp\»p[~GkY[]B]£j~tqilrouqiou[ktrq[]7M¢Ýoux\tx¥u]7j]H~txmkmp[x]Hibtqouq]\tx¥u]7tqGouq[]t=[jr kmrouqtuj]H~txmkmpxm]7i¶·Ä ® ptLkr o=qi¶l  ¸¨tq¶z Mu¸l¸ªj§&rµkYVizkvtqtxv\tq[r~[p[stLkr o=qiEª3ouq]|u]EkiWkmY[]im]HnEouqVkm]Hxm\ o¢.kmY[]#]E£h~tqimr o=q
E((B̃ε − B)(
	
A± +
	
A−))
r q
ε
°
Xo¤ilp\B\tuxmr%DE]kmY[]#x]Himp[ kio=jktur q[]7VrqkmY[rsi}im]Hnkmrouq)ªj§«]#nEtqMilktkm]bkmY[]¢Ýo= oL§&rq[kY[]Eo=xm]H\°

 ½hÁ  ½      '    ' 
ε2
' '

N COC F
E(B̃ε − B)
 
ε


'  
a− − a+   C 7'   # a+ O  a− O     
 
''¶z7u¸I  ¶lHu¸   '   
-ÕkilYoup[s¯P]qokm]7¬kYtLkBkmY[]jrsizkxmr[pjkr o=qiBr qh=ouu]H­rq Ä ® ptLkmrouqi¶lHu¸_tq ¶z¹¸_nEtq ]]E£j~[ rsnr km]7­hgGpimr qkmY[]VnEt=imimrsnEt³x]Himp[ kinEouqnE]Exq[rq[kmY[]
M/M/1 ® p[]Ep[]=°ej]E]kmY]VÃ}~[~P]Eqjrµ£§&Y]Ex]kmY[]Hg±tuxm]x]HnHt ]7ï°-ùq¬kmY]Vq[]E£3kBil]7nkmrouqª.§«]¤]E£jtu\r q[]¤imou\]Vtu~[~[rnHtLkr o=qi#o¢&kY[]VtuoL=]x]Himp[ kH°
 -,,*«

 )(    "$ &%	 
  # &2  "$ #%)(2,(  #%)(,/
Ä ® ptLkmrouqi#¶zu7¸tq­¶z (u¸«uru]kmYtLk&kmY]#]£j~tqilrouq
E
(
B − B̃ε
)
= δ1ε + δ2ε
2 + o(ε2)
Yous[iEªj§&r kmY
δ1 = Eν (p(X(0)))/(µ − λ)2
tq
δ2 = −
1
µ
E
(∫ B
0
(B − v) Eν (p(X(0))p(X(v))) dv
)
.
]Eq[oukm]3g
Cp(u) = Eν (p(X(0))p(X(u))) − Eν (p(X(0)))
2 ª$kY[]nEoLLtxrtuqn]o¢&kY[]V]E£hkmxvtnHt~t=nr kzgu°³XY[]#im]Hno=qVkm]Ex\ ou¢kY[]#]£j~tuqilrouqnEtuqP]#]£j~[x]Hiim]HVt=i
δ2 = −
1
µ
E
(∫ B
0
(B − v)Cp(v) dv
)
−
Eν (p(X(0)))
2
(µ − λ)3
,
ÚÚ-ÈPìQ¹ëFR
u '	       	  =
	   J$

Y]EqnE]uª
E
(
B − B̃ε
)
= ε
Eν (p(X(0)))
(µ − λ)2
− ε2
Eν (p(X(0)))
2
(µ − λ)3
−
ε2
µ
E
(∫ B
0
(B − v)Cp(v) dv
)
+ o(ε2).
XY]#¢Ýou oL§&rq[~[xou~Po=imr kmrouq§&Y[rsnvYMxm]7tujr gV¢Ýou oL§}iHªnEou\~tuxm]7i«kmY[]_ ]Hq[kYMo¢$kmY[]_[pimg~P]Exrohou¢kY[]#w³¦FEp[]Ep]b§&r kmYMtuq
M/M/1 ® p[]Hp[]§&rµkYil]Hxmhrsn]bxtkm] µ + εEν(p(X(0))) °
   Á WÁ · Á     _Á   j · Á À Ý  ½      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   
B̂
<' =	 8F<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 F 
M/M/1

''

      O 
µ + εEν(p(X(0)))
'
lim
ε→0
1
ε2
E
(
B̂ − B̃ε
)
= −
1
µ
E
(∫ B
0
(B − v) Cp(v) dv
)
,

'   O u ≥ 0 
Cp(u) = Eν [p(X(0))p(X(u))] − Eν [p(X(0))]
2
    3C>   ε2  '  	O  	N' $    '   <C '	
   
'' 
-Õkbri}ilkmxvtruY3km¢Ýoux§«tux¤kmoVnEouqnE p[]¢Ýxmo=\ kY[]]£j~[x]Hiimr o=qrqMw@xou~Po=imrµkr o=q­ukmYtLk
E(B̂ − B̃ε)rsiq[]H=tLkr =]§&Y[]Eq
ε
rsi&il\tu J°
 _Á  Á  ·j ¾     M½	 j   ½    [ Á   ½   j ·[ Á  Á  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  ' C
    O 	I#  C   0  =O    

C ' 	
u → Cp(u)
     $O    'C	    	 F '  COC8
E(B̂ − B̃ε)
 
ε
  $
2
O  3  $O   
XY[]|¢Ýou oL§&rq[]E£j~[xm]7imimrouquru]7iWtnE o3il]7¢Ýoux\ ]£j~[x]Hiilrouqou¢ïkmY[]bil]7nouqBkm]Ex\ o¢ïkY[]]E£j~tqj¦imrouq§&Y[]EqkmY]#]Eqhhr xouq[\]Hq=kYt=i&tq]£j~o=q[]Eq3krtu)j]HnHt¹gu°
   Á WÁ · Á     
 ' C O %:	 F@'.     	 '3L  '# O   
        C  O  	I α > 0 
Cp(x) = Var[p(X(0))] e
−αx, x ≥ 0,
CLC  J  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lim
ε→0
1
ε2
E
(
B̂ − B̃ε
) 
= ∆2(α) = −
Var[p(X(0))]
(µ − λ)3
E
(
e−αZ
)
≤ 0,
¶z7=¸

'   Z 3'  O $ 	 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 O R+ 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
x →
1
µ(1 − ρ)2
∫ +∞
x
P (B ≥ u) du.
  '	=O  C 	  O α → ∆2(α)   O $   HO  O   
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M/M/1 & '' j
 1 KF |ºouxbtVi ® ptx]r q3k]Euxvt ]xvtqjou\-Ltxrtu[ ] A o=q R+ ª A∗ j]Eqokm]7i}kY[]Bxtuqjou\-Ltxrtu[]§&r kmYMj]Hqimrµkzg
x → P(A ≥ u)/E(A)
ouq
R+
° ?|okm]kYtLk&¢Ýo=x
α ≥ 0
ª
E
(
e−αA
∗
)
=
1 − E(e−αA)
αE(A)
¶J=¸
tuq
E(A∗) = E(A2)/(2E(A))
°Xoilr\~[rµ¢Ýgq[okvtLkmrouqiEªrµkrsit=imimp[\]HGkmYtk
Var[p(X(0))] = 1
°¤w@xou~Po=imrµkr o=q=uru]HibkYtLkkY[]noh]E©nEr ]Hq3k
∆2(α)
o¢
ε2
rsi&rqkmY[rsi&nEt=il]
∆2(α) = −
1
µ
E
(∫ B
0
(B − v) e−αv dv
)
= −
1
µ
E
(∫ B
0
v e−α(B−v) dv
)
= −
1
µ
E
(
B
α
−
1
α2
+
e−αB
α2
)
= −
E(B)E(B∗)
µ
1 − E
(
e−αB
∗)
αE(B∗)
.
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rsit=imimp[\]HárqkY[rsiim]HnkmrouqkYtLkkmY[]±~P]Exmkmp[xtLkr o=qá¢Ýp[qnkmrouq riq[o=qj¦J~Po=imr kmru]Gimo¯kYtLkkmY[]]Hqh3rxouq[\]Eq3kpil]7i_tG~txmk_ou¢&kmY[]nEtu~tunErµkzg±o¢}kY[]
M/M/1 ® p[]Hp[]V§&r kmY nouqizkvtq3k_im]Ex3rsn]xtkm]
µ
°XYrit~~[ rsnEtkmrouqrsib\okmrLtLk]HhgkY[]¢Ýo= oL§&rq[V~[xvtunkmrsnEtu.imrµkptLkr o=q)°^¨ou\rq[tunv¥kmokmY[]nEoh]£jrilkm]Hqn]#ou¢³]Estuilkmrsn#tqMilkmx]Htu\Brq[BkmxvtL©¤n#rqkmY] -ùq3km]Exq[]EkHªt=imimp[\]kmYtLk|~[xrouxrµkzg¤rsi}=r =]Eqkmoilkmx]Htu\r q[kxt©¤nr qtp	/P]Hx|ou¢³t¤xmo=pjkm]HxH°XY[]tuqj§&rshkmYt¹Ltur st[]¢Ýouxq[ouq[¦J~[xrouxrµkzgkxt©¤nrikY[]«kmxvtqim\riimr o=q rq[¥#x]Hjpn]HhgkmY[][r k³xtkm]Wou¢Pilkmx]Htu\Brq[|kmxvtL©¤n°.|]Hq[okr q[hg
εd(Xt)
kY[]¨rµkxvtLk]}o¢)ilkmx]Htu\Brq[#kxt©¤n}tLk¨kmr\B]
t
¶à¢Ýo=xWrqizkvtqnE]
ε
\t¹gBx]E~[x]Him]Eq3k@kY[]|~P]Htu¥_xvtLk]}o¢tilkmx]Htu\r q[
,oL§tuq
d(Xt)
kY[]}qhp[\P]Ex«o¢)impnvY ,oL§}i¨tunkr =]|tLkWkmr\B]
t
¸ª3kmY]im]Ex3rsn]&xvtLk]|t¹Ltrtu[]¢ÝouxWqouqj¦~xmrouxrµkzg_kmxvtL©¤n|ri
µ− εd(x)
°Weh]kmkmrq[
p(x) = −d(x)
ªhkmY[]|¢Ýp[qnkr o=q
p(x)
rsiWq[o=qj¦Õ~o3ilr kmru]=°´±]btuxm]kY[]EqGr qMkY[]_¢Ýxtu\B]H§¨o=xm¥§&Y[]EqkmY[]_]Eqhhr xouq[\]Hq=kuru]Hit¤x]Hjpn]Htqj§&rshkYkmot¤q[o=qj¦J~xmrouxrµkzg
M/M/1 ® p[]Hp[]u°@XY]imtu\B]q[ouktkmrouqtuirqVkY[]#~[x]Ehr o=pi&im]Hnkr o=qrsipim]H]£hk]Eqimr =]Egu°Ä ® ptkmrouqi¶zu7¸tq±¶z (u¸«uru]bkmYtLk&kmY]#]£j~tqilrouq
E
(
B − B̃ε
)
= δ1ε + δ2ε
2 + o(ε2)
Yous[iEªj§&r kmY
δ1 = E (p(X(0)))/(µ − λ)2
tq
δ2 = −
1
µ3(1 − ρ)
E


N∑
i=1
N ′∑
k=1
p(X(0))p(X(B − Di + D
′
k))

 ,
§&Y]Ex]uªhtui@rq ¶lHu¸Eª
(N, D1, . . . , DN )
tq
(N ′, D′1, . . . , D
′
N ′)
j]Eq[oukm]|kmY[]q3p\P]Ex«o¢j]H~txmkmp[x]HituqkY[]b[]E~tuxlkp[xm]}kmr\B]7iWrq¤kY[]b[pimgB~P]ExrohiWou¢) ]Hq[kY
B
tuq
B1
ªhx]Him~]7nkmru]H g=°.XY]|k]Ex\i
δ1tuq
δ2
tuxm]q[o=qj¦J~Po=imr kmru]u°³XYhpiHªtLk&²xilk}ouxvj]Ex7ª3kmY[]\B]7tqo¢
B̃ε
rsi&tuxm=]Ex«kmYtqkmY[]#\]7tqo¢
B
°
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XY]#¢Ýou oL§&rq[~[xou~Po=imr kmrouq§&Y[rsnvYxm]7tujrg¤¢ÝouoL§}iEªPnou\~tuxm]7i«kmY[]_ ]Hq[kYMo¢³kY[][pimg3¦J~P]Exrohou¢kY[]w³¦FEp[]Ep[]B§&r kmYkmY[]\]HtuqGo¢WkmY[]]Eq[ukmYGou¢WkY[][pimg=¦Õ~P]Exr oj
B̂
rq±tuq
M/M/1 ® p[]Ep[]B§&r kmYim]ExhrnE]xvtLk]
µ + εEν(p(X(0)))
°
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µ + εEν [p(X(0))]
C
lim
ε→0
1
ε2
E
(
B̂ − B̃ε
)
= −
1
µ3(1 − ρ)
E


N∑
i=1
N ′∑
k=1
Cp (X(B − Di + D
′
k))

 , ¶Jj7¸

'   <   
' ¶lH3¸  (N, D1, . . . , DN )  (N ′, D′1, . . . , D′N ′)  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u ≥ 0 
Cp(u) = Eν (p(X(0))p(X(u))) − Eν (p(X(0)))
2
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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u → Cp(u)
     $O    '
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E
(
B̂ − B̃ε
)  
ε
 O     7     
^¨o=\B~txr q[}kmo}kY[]nEtuim]@ou¢t&q[o=qj¦Jq]E=tkmru]@~P]Exmkmpxmtkmrouq#¢Ýpqnkr o=q)ªLrµ¢kmY[]«nouxx]EstLkmrouqb¢Ýp[qnkmrouqou¢kY[]]Eqhhr xouq[\]Hq=krsi&]£j~Pouq[]Hq=krtu g¤j]7nx]Htuimrq[ªjtBilr\~[ ]nE o3il]b]£j~[x]Hiimr o=q¢ÝouxkY[]#xmruY3kYtqimrsj]\]E\_]Hxou¢@Ä ® ptLkr o=q ¶JjH¸il]H]E\i&koP]_[rµ©¤npµkbkmooujkvtrq)ªkmY[o=p[uYMkY[]imtu\B] ® ptrµkvtLkr =]x]Himp[ kiY[o=)°
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Cp(x) = Var[p(X(0))] e
−αx, x ≥ 0,
O I 	 
α > 0  C 	  O
α → lim
ε→0
1
ε2
E
(
B̂ − B̃ε
)
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M/M/1 & '' O(
  " /  (  %
 )(,3  (6 &/
Ã"=]Eq[]Hxtu~P]Exmkmp[xtkmrouq¤¢Ýpqnkr o=q
p
rsi&nouqilrsj]Ex]Hkmou=]kY[]Ex§&r kmYilo=\B]#ilktkmrouqtuxmgatuxm¥=oL_~[xo¦nE]Hii
(X(t))
§&rµkYr qhLtxrtuq3k«~[xout[r r kzg¤jrsizkxmr[pjkr o=q
ν
° -Õk}rsi&tuiimp[\]HkYtLk}r k&u]Hxmr ²]HitB\rµ£jrq[nEouq[rµkr o=qimpnvYtui
lim
t→+∞
|Eν(f(X(0))g(X(t))) − Eν(f(X(0)))Eν(g(X(0)))| = 0
¶5u=¸
¢Ýo=x}tqhg G«oux]Erstqo=p[qj]7V¢Ýpqnkr o=qi
f
tq
g
ouqkY[]izkvtLk]il~t=n]
S
° ?}ok]kmYtk&kmY[rsi}nEouqjr kmrouqrsiq[ouk«x]Hilkmxrnkmru]br qu]Hq[]Exvtïimr qn]brµk}rsi¨kmxp[]b¢Ýoux}tqhg]Hxm=oh[rnbatx¥uoLB~[xojn]Hii«§&rµkYtnEoup[q3ktu[]¶·oux²qrµk]7¸ilktLk]#il~t=n]oux¢Ýo=x}tqhg¤]Hxm=oh[rnbjr=/Ppimrouqouq
R
d
ª
d ≥ 1
°
-ùq_kmY[rsi³im]Hnkr o=q)ª¹kmY]«]Hqh3rxouq[\]Eq3k$ri$t=nEn]H ]Hxtkm]7#hgt|¢·t=nkoux
α > 0
ªuj]Hinxr]7hgkmY[]~[xojn]7imi
(X(αt))
°_XY[]B]HYt¹hr o=x§&Y]Eq
α
=oh]Hi|kmor qj²q[rµkzgGribrq3=]Hilkmr=tkm]H)° ?}ok]BkmYtkb§&Y[]Hq
α
=oh]Hi|kmo
0
ª[kY[]]Eqhhrxmo=q[\]Eq3k}ri&¢Ýxmo$DE]Eq;+@kmY]il]Hxmhrsn]#xvtLk]#xm]H\tur qi}no=qizkvtq3k|tq] ® pt)kmo µ + εp(X(0)) °ejpnvYtimr kmptkmrouqYtui&tuimo_P]E]HqMtqtu g DE]7VhgV]Esno=r =q[]76 "2 (4ïkY[xmo=p[uYilkmojnvYtuilkmrsnbo=p[q[iH°Ã«k¤kY[]Mrq=kp[r kmru]M]Eu]H5ª§&Y[]Hq
α
u]Ekistxu]=ª@¢Ýoux
t
tuq
h > 0
kmY]kmokvt|im]ExhrnE]MnEt~tunr kzgt¹Ltur st[]jp[xr q[
t
tq
t + h
rsi&uru]HqVhg
µh + ε
∫ t+h
t
p(X(αu)) du  
 
= µh + ε
1
α
∫ αh
0
p(X(u)) du ∼ (µ + εEν(p(X(0))))h
hgkY[]_]Hxm=ojjrn_XY[]Eo=xm]H\°XY3piEªïim~]H]Hjrq[p[~GkY[]B]Eqhhr xouq[\]Hq=kt¹u]Hxtuu]Hi&kmY[]nEtu~tunErµkzgou¢@kmY[]Ltuxmrst[] ® p]Ep[]=°@XY[ri}r q3kmprµkr =]b~rnkmp[x]#rixruouxoupilg]Hilkt rsilY]Hr qkmY]¢Ýou oL§&rq[~[xou~Po=imrµkr o=q)°
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(X(αt))
  
'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 '
 
δ2(α  3C ε2   # C<  'CO    N  '   ε 
E(B̃ε − B) =
Eν (p(X(0)))
(µ − λ)2
ε + δ2(α) ε
2 + o(ε2)
C  %

 	@ =O O ' 
lim
α→+∞
δ2(α) =
Eν (p(X(0)))
2
(µ − λ)3
.
 1 KF |XY] ® ptq3kmr kzg δ2(α) rsi³] ® pt[ko a−−a+ §&Y[]Ex] a− tq a+ tx]uru]HqBhgBÄ ® ptLkr o=qi}¶l7u¸tuq±¶zH=¸ªjx]Him~]7nkr =]Egu°$´]imYtu )j]7t)o=q[g¤§&rµkYkmY[]²xvilk«k]Ex\ ou¢
a−
r qÄ ® ptkmrouq­¶zH=¸
F (α)   

= −E
(
N∑
i=1
∫ B+B1
0
p−(X(αDi))p
+(X(αs)) ds
)
§&Y]Ex]
N
rikmY[]¤qhp[\_]Hxou¢&nEpilkmou\]Hxi#rq­kmY]V[pimg±~]Hxmroj­o¢& ]Hq[kY
B
tq±kmY[]Hr xBj]E~tuxlkp[x]kr \]7i}tx]b[]Eq[oukm]Hhg
(Di, 1 ≤ i ≤ N)
ª
F (α) = −E
(
N∑
i=1
∫ B+B1
0
E
(
p−(X(αDi))p
+(X(αs)) | B, N
)
ds
)
.
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{}]EstLkmrouq­¶5=¸tqVkY[]o=p[qj]7jq[]7imi&ou¢
p
ªÃ|iilp\B~[kmrouq¬¶
H1
¸ªilY[oL§ kmYtkHªtu \o3izk}imp[xm]H g=ª
lim
α→+∞
E
(
p−(X(αDi))p
+(X(αs)) | B, N
)
= Eν
(
p−(X(0))
)
Eν
(
p+(X(0))
)
,
kY[]Ex]¢Ýo=xm]  ]H]7il=p[] i«kmY]Eoux]E\ uru]Hi
lim
α→+∞
−F (α)
Eν(p−(X(0))) Eν(p+(X(0)))
= E (NB) + E (B1) E (N)
=
1 + ρ
µ(1 − ρ)3
+
1
µ − λ
1
1 − ρ
=
2
µ(1 − ρ)3
,
hg¤pilrq[BkmY[]#]E£j~[xm]7imimrouqi«o¢
E(N)
tuq
E(NB)
r qkmY]Ã}~[~P]Eq[rµ£ï°¨ehr\r stx}nHtsnp[stLkr o=qinEtuqP]nEouq[pnk]HV¢Ýoux}tïkY[]#okY[]Exk]Ex\i«koB²qtgVuru]kmY]#w@xmo=~o3ilr kmrouq°
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M/M/1
&
 ]k
(Ak)
¶·xm]7il~)°
(Dk)
¸j]Hq[ok]Hi«kY[]txxmrLtPkmr\]Hi¶·xm]7il~°@j]E~tuxlkp[x]kr \]7i¸«rqMt_pilgV~]Hxmrojou¢tuq
M/M/1 ® p]Ep[]#§&r kmYtuxmxr LtuPxvtLk] λ tqim]ExhrnE]bxvtLk] µ °WÃ([pimgV~P]Exr ojj]Hq[ok]Hhg B kmYtkilktuxlkvitLk&kmr\]B§&r )stuilk&t_kr \]
t
tq§&r nEouqimrilk&o¢
N
im]ExhrnE]Hi«r ¢zªtqo=q[ gVrµ¢zª
¶Ýrà¸VkmY[]Hxm]tuxm]
(N − 1)
txxr Ltsi«r q
(0, t)

¶·r rà¸
DN = t

¶Ýrr rà¸
Ak+1 ≤ Dk
ª
k = 1, . . . , N − 1
°
-Õ¢nEouq[rµkr o=qi
(i)
tq
(ii)
tx]Wimtkmrsiz²]HbkmY]Eq
(A2, . . . , AN )
tuq
(D1, . . . , DN−1)
tuxm]³rqj]H~]Hqj]Eq3ktuq_xm]H~[xm]7il]Hq3kkY[]ouxvj]Ex]H¹tu p]Hi$o¢kz§¨o#im]kvi$o¢
N−1
p[q[r ¢Ýoux\
(0, t)
xvtq[ou\ Ltxrtu[]HiH° 9}]Hqn]=ª
bn(t) = dP(B < t, N = n)/dt =
e−λt(λt)(n−1)
(n − 1)!
µe−µt(µt)(n−1)
(n − 1)!
× P(A2 ≤ D1, . . . , An < Dn−1).XY[]²xilkkz§¨o\ou\]Eq3kvio¢.kmY[]ilktkmrouqtuxmg[pilg¤~P]Exrohtuxm]buru]Hqhg
E(B1) =
1
µ − λ
, E(B21) =
2
µ2(1 − ρ)3
.
Ä@£h~xm]7imimr o=q¶Jj° ==¸¨~)°H=Bo¢³^¨o=Y[]Eq 2Ó4imY[oL§}i¨kmYtk
ϕ(z, ξ) =
+∞∑
n=1
zn
∫ +∞
0
e−ξtbn(t) dt,
rsiuru]Hqhg
ϕ(z, ξ) =
1
2ρ
(
1 + ρ + µ−1ξ −
√
(1 + ρ + µ−1ξ)2 − 4ρz
)
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M/M/1 & '' u
¢Ýo=x
|z| ≤ 1
ª
<(ξ) ≥ 0
° -Õk}ri]7tuimgkmoj]Hxmru]
E(N) =
∫ +∞
0
dt
+∞∑
n=1
nbn(t) =
1
1− ρ
E(NB) =
∫ +∞
0
tdt
+∞∑
n=1
nbn(t) = −
d2ϕ
dzdξ
(1, 0) =
1 + ρ
µ(1 − ρ)3
E[N(N − 1)] =
∫ +∞
0
dt
+∞∑
n=1
n(n − 1)bn(t) =
d2ϕ
dz2
(1, 0) =
2µ2λ
(µ − λ)3
.
XonEouqnE pj]_o=q[]BYtui|kmono=\B~pjkm]
E(D)
§&Y[]Hxm]
D = D1 + D2 + · · · + DN
°G«gMpilrq[kmY[]nEt=imimrsnEtïxtuqnvY[rq[txup[\]Eq3k¢Ýoux}kmY[]pilg3¦Õ~]HxmrojVou¢$kmY[]
M/M/1 ® p]Ep[]¤¶5il]H]{&ouP]Exmk 274)¢Ýoux]E£[t\~[]7¸ªjo=q[]u]Eki
D = σ +
Nσ∑
i=1



σ +
i−1∑
j=1
Bj

Ni + Di


§&Y]Ex]
σ
rsikY[]¨im]ExhrnE]³kmr\]¨ou¢[kmY]@²xvizk$npilkmo=\]Ex.o¢jkmY]¨[pilg3¦Õ~]Hxmrojïª
Nσ
kmY]Wqhp[\P]Ex$ou¢txxmrLtsirqBkmY[]&rq3km]HxmLt
[0, σ]
ª
Bi
kmY[]&[pilg3¦Õ~]Hxmroj=]Eq[]Hxtkm]H_hg#kmY]
i
¦JkmYnEpizkou\]Ex@tuxmxru]H_jp[xr q
σ
ª
NikY[]|qhp[\_]Hx¨ou¢npilkmo=\]Exvi³r q
Bi
ª
Di
kmY[]bilp\ o¢9kmY[]j]H~txmkmp[x]&kr \]Hi¨o¢
Bi
¢Ýxou\ kY[]|P]E=r q[qr q[ou¢kY[ri}[pimg=¦Õ~P]Exr ojï°³X.t¥hr q_kY[]#]£j~P]HnktLkr o=q)ªjr k}ri&]7tuimgkmo¤j]Hxmru]kmYtLk
E(D) = E(σ) + E(σNσ) + E(B)E(Nσ(Nσ − 1)/2)E(N) + E(σNσ)E(D)§&Y]Ex]
Nσ
Yt=i&tBu]Eo=\]kmxrsnjrsilkmxr [p[kmrouq§&rµkY~txvt\]k]Ex
λ/(λ + µ)
ªhkmYhpi
E(Nσ(Nσ − 1)) = 2ρ
2.
ejr \~[]tu]H[xt_uru]7i
E(D) = µ2/(µ − λ)3
°
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